




































Recap Findingmedian of unsorted elements

RandomizedSelect A i
1 pick j randomlyfrom11.2 tn pirotAtj
2 K Partition A j 11pivot is nowat Atk

3 If k i
4 Return Atk
5 ElseIf Ksi

6 Return RandomizedSelect Atl KD i

7 Else 11k i

8 Return RandomizedSelectAtkti in i k

9 EndIf

ExpectedRuntime T a n

To turn intodeterministic algorithm we pick the

approx median deterministically



DeterministicSelect A i

1 Compute pivot At that is an approxmedian

2 K Partition A j pivot is nowat Atk

3 If k i
4 Return Atk
5 Elself Ksi

6 Return DeterministicSelect Atl KD i

7 Else 11k i

8 Return DeterministicSelectAtktl in i k

9 EndIf

FirstAttempt to find approxmedian

Takeany In elementsand
find their median It's
guaranteed to be a good approxmedian

TCnFIE tT a In

Tink 1m 6161



1 t doderstatistif.fifmediansActualAlgorithmto find approxmedian

PartitionAinto setsofsize5each
Computemedianofeachset in OU
Computemedianofthese medians ffff.fiffffff0 9 0

that'llbe our approxmedian 7
FXI

HowmanyelementssmallerthanX elementsingreenarea IX In

Howmany
elements greaterthanX elems in pinkarea tn

Runtime is
not F T n

T n n

Sameas findingminmax

Also deterministic

Reduetheizefubproblems_



2 Lowerbandcomparsonsort

All theselecting sorting algorithms we have seen so far are
in the comparisonmodel we don't care about theactualvalues in

thearray we only care about
howtheycomparetoeachotherrelativeorder

ComparisonModel M

Onlyallowedoperation is comparisonusingthis blackbox M

Transitivity a b65C asc Needed forsorting
Timecost of comparisons calls to M

e f FindigMax

1 currMax bigger Ati AE

2 For i 3 ton

3 currMax bigger Ati currMax

4 Return currMax

of comparisons n 1

Can we computewith fewercomparisons AYz 2comparisons

w.x.gg33comparisons



Claim Computing maximumof n elementsrequires n t comparisons

Proof Considerany algorithmthat outputs the max
Therecanbe atmostoneelement thathasneverlost a
comparison Otherwise eachofthetwoelementscanpotentiallybe
the man and the algorithmhas nowayof tellingwhichone
is the max

Therefore n 1 elementsmustlose at leastone comparison

Butsincethereis only oneloserpercomparison ofcomparisons n I

Alternativeproof Consider
runningthe algorithm on input 1.2 Ni

we claimthateachof 1 2 n I mustbe compared at least

one to abiggernumber i e lose a comparison if sayk.EE2 in
never loses then we canreplace k with nt 1 andthealgorithm
wouldn't notice and still output n incorrectly

What about sorting
We can model any comparison

based algorithm

as a decisionte



e.g InsertionSort on 3 elements

AIDIALI
17

Ai AID A
4 1 4

AIDAid.AE AE A AIDAID.AE A 2 A
D Y

Ati At AE Ats AE AE AE AID.AE AID.AEAT

II of leaves of permutationsof n elements n

When sorting n elements anycorrectalgorithm
in the

comparisonmodel must have at least n leaves since
all permutations are possible

Whats the numberofcomparisons on the worstcaseinput
The depth of the tree

For a tree ofdepth k it has atmost 2kleaves
so we get 2k n log24 log in

k log n stulogn
since n E



Therefore
anyalgorithm for sorting

n elements usingcomparisons

must use at least I Inlogn and inparticular run
in time Inlog n in the worstcase

Cor Mengesort QuickSort withmedianpivot are optimal

up to a constant


