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Merge Sort Divide and Conquer

Mergesort.CAT n

I Mergesort.CAT n 2

2MergeSort1Atnz 1 n

3 MergeAll in2J AEnzt1 n

Merge1A.m.B.n.C 4AEl mJ

1i.j l BEI in sorted

2 For k to mtn
3 If Ati EBIj
4 CER Ati
5 i itl

6 Else
7 CIK BEj
8 j jtl
9 EndIf
10 EndFor



1 AI
ergesortcorrectnessofherge

i.it

Runtimeofmerge i.to mtn

Correctnessofmergesort i.to lows fromthe correctness
of Merge and strong induction

InductiveHypothesis MergeSort is correctfor arrays of
length k

Base Case 1 1 trivial
Inductive Step Assume inductive hypothesisholds for

all 1,2 k then it alsoholdsforktI
Runtimeofmerg tp.fihtidgeTLn

ZT n Recurrence Relation

We showby induction that Tln In

Basecase n 1
in I n

Sorting requires A Inlogn in comparison model



Considerthis recursive Contains function that
checks if an array contains a specific value

Contains A x

If A length D
Return false

If A 1 X

Return true
Return Contains A 2 7

We show its runtime is 04 using induction

ISIIEE.fr

icn out ou

What's wrongwith this

Let's plug in the def of big D
C nose sit n no oefln.IE cgin

Sowhen we assume T n 1 04 we are assuming

for some c T n 1 C I C

butthen Ten T In 1 I It 1
This is a differentstatement



Induction Asymptotic InductiontAsymptotics

Éntognl worst average best case
Stable if two elements havethe same key

their relativeorder is unchanged
aftersorting

Not in place
In practice use index into arrays insteadof

copyingthe subarrays kinda in place
Based on Divideand Conquer

Divide Conquer Combine



2 SI Reurrences

So howdo we handle T n 2T E tn

Method RecursionTree
Informal but helpful

Runtime at each layer
of layers exclude rec calls

1

y in
I y 4 may in Ietf

1 44 44 1 Matt 344 3441 n Ft t t n
a 11 11 11

i i in HH in

Overall runtime is the sum of runtime at each layer

Tink n login nlogn



e.g Ten TE t.TL tn

n

logs
byn

4

fqff.gg yegn

EPM

More layers on the

lefthand side

Tink ntentCEJ.at Pnt
n.CItE H EJt
4 n n



Method Substitution Method

To prove formally

To showfor Tln 2T E th
T n 0 Inlog n

Claims For some largeenoughconstant C n 2

Th EC align
Proof Assumeby induction the aboveclaim is

true for n't n then
T n L T E th

2 CC logE tn
c.n.Llogn i tn

cnlogn cntn

cnlogn as long as c 1

Method MasterTheorem
For Tcn in the form of
T n a T F fin a 1 b I



effentoTla a.TL J a a.TL 1

a2TCf a3 TC

ART
Say we want bknsothatwehave.TW
k logon
T a attonth altar

also athg eCzbf.az
2bf.nGgI n8oa

Tink mya

elf fin n

Tinkat n

a a.TL Cf tnlo
aTCF n1o4n'on

in n
afE.in

a fcf



MasterTheorem
Ten aT G fin as b 1

Case 1 f n 0 Nga E for some 0

T n nhtsa

Case 2 fin nonalogin k o

T a v9 log n

Case 3 f n R nbgbate for some 0

and attn b c fin for some cel Irregularitycondition
Tin fin

Intuition let Q nhG then compare it with f
Case 1 f polynomially smallerthan Q
Case 2 f is largerthanQ by a polylog factor
Case 3 f is polynomially largerthan Q regularity



Examples

TCN 2T n

Q ntofoa nhf.IN
n n G Gojn

CaseE Tin nlogn

T n 7 TLE n

Q plofoa plofs 228

94 n
8 OCT 8

Case 1

Tin ma

TINK 4T n a m

Q n469 plof 4 m

1 n R n
case 3
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