
 

1 StabilityndNPcompletness
Veryverybrief intro to computation and complexitytheory

Q Areallproblems solvablebysome algorithm

A No eg Thehaltingproblem Turing 1940s is uncomputable

IF DoesprogramPhalt on input 7

Assume wehavesomealgorithm that solves thehaltingproblem

Considerfollowingprogram

def Z P Does Zhalt on input Z
if HALT P P If HALT Z Z L it

LoopForever loops forever

else If HALT Z Z D it
Return halts immediately

Contradictions



Luckily almostall problems in real life are computable
However manydon't seemto havepolynomialtime algorithms

How to dealwiththat
Heuristics

Simplifyproblem maybeassumesomethingabout input

Approximate

Buymorehardware onlygetsyouthatfar

Now let's see some NP problems



Def A vertexcoverof an undirectedgraph G V E is

a subsetofvertices that touches alledges

1M install monitoring

stationforallfibers

The vertex coverproblem VC asks to find the
smallest vertexcover

Def An independent set of anundirectedgraph G VE is a

subsetof verticesthat thereare noedges betweenthem
vertices are broadcasted

messages andedgesare
betweenmessages that

X canbeconfused

The independentset IS problem asks to find the
largest independentset

Bestknown algs for VC and IS are exponential time



Re
h we can reduce a VCproblem to an IS problem
we denote as VC IS
Why Think cannotbeharderthan

Proof Given a VCproblem for G V E

simply solvethe IS for same G saytheresult is5
thesolution to the VCproblem is givenby V S

Similarly ISEVC

Anotherexample

isatisfiability

A 3 SAT formula looks like variable

1 I
XVYVEJACXVIVZINIVTVWIALIVW.VE

END

KEYED v4 variable
m 5 clauses

This formula is satisfiedby X T Y F W T IT

3SAT Problem given a 3SAT formulaon n variables is it satisfiable
Bestalg is exp time



Claim SATE IS
Proof

Representeach clause with Foreach variable X
connect all X X pairs

Thegraph has an end setofsize m if andonly if the
formula is satisfiable



Def Theclass NP Nondeterministic Polynomialtime consists of
YesNo problems decisional problems forwhichthere is
an efficient polytime verifieralgorithm that can check

that an instanceof theproblem is a YES instance when

given an appropriate witness

eg 3SAT witness is a satisfyingvariable assignment

VC thedecisional problemasks if there is a vertexcover
ofsize E k Thewitness is a vertexcoveritself we check
it is a validvertexcover its size k

IS similarto VC ofsizesk

Def Aproblem AENP is calledNPComplete if it is hardest inNP
i e VBENP.BEA

ThatcookLevin1971 35AT is NPcomplete
Cc VC.IS are NPcomplete

There are thousands moreNPcomplete problems
If yousolveany oneofthem you solveallofthem This is the
famous PENP question oneofthemillenium problems with
a 1M prize



nondeterministic polynomialtime decisionalproblemswith
witness that canbe verified in poly time witness

checkable in polynomial time

P polynomial time decisional problems solvable

in poly time

NPHard Y is NPhard if XENP XEY
Y is at least as hard as anyNP problem

NP Complete NPA NPHard hardest problems in NP

If PtNP NP
p opiate NPHard

eg HaltegSSSP
e.g VC

Widelybelievedthat PINP butproving it isbeyondreach



If PNP
pNP NP Hard
NPComplete

If it somehowturnedout that PENP the we wouldhave
efficientalgorithms for lots of importantproblems butalso no
cryptography


