
 

Today Dijkstra's Algorithm for Single SourceShortestPathsSSSP

RecallSssp

Input Agraph G IV E with nonnegative
weights on the edges and a source SEV

Goal Find a shortestpath from s to any VEV

We saw that BFS solves the case where
all weights are 1
One can also consider negative weights
and there are algorithms for this extension
like Bellman Ford running in time IV IED
In some cases we mightonly care about
SEVand one tEV Thetime of algorithms
for this single pair variant is not
asymptotically faster



Dijkstra's Algorithm

Idea Recall BFS uses a Queue to track
the vertices to explore Now use a PriorityQueue
instead

DijkstraCG.ws
1 For each VEV
2 dist.lv
03parent u
14dist s
O5ForeachvEV

6 PQ.Push v dist v Add v w distlv
7 While PQ.ISEmpty as thekey
8 U PQ ExtractMind
9 For VE Adjiu
10 If dist.lv Sdistlu twlu.v
11 distlv dist a war
12 parent v u

13 PQ Decreasekey v distlr

Very similar to Prim's we saw lastlecture



Q Why can we run line13 w o checking

it is still in PQ
A It's guaranteed otherwise distlv distlu
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Runtime Iv twixt Push WXT Extmin
IE T Deckey

W BinaryHeap runtime is QUIVKIE1 logv1
W FibonacciHeap runtime is IE Irllogul

Correctness Let 8 un be weight of
shortestpath from u to v

We prove thefollowingtheorem

The Dijkstra's algorithm terminates with
dist u Scs u for all UEV



Proofsketch

LoopInvariant each vertex v that is no longer
in PQ ie green satisfies dist v 8 Sv

Initialization Trivially True

Maintenance Assume the loop inv holds for all
green vertices and now we are about to color
u as green Consider a shortestpath from sto
u and let x y be two consecutive vertices
alongthe path sit 7 is greenand y is white

so

8

Notice the following
dist a S s a since is greenandbyloopinv

distly SCsy this comes from
5Isg S s X tw x y



andwhen we explored Adja we ensured

distly dist a way Therefore

distly dista way
SCs 7 Wh y byd
JCs g

Moreover distly canneverbesmallerthan S Sy
So distly S sg exactly

dist u S s n Notice u is extractedfrom PQ
So wehave

dist.lu distly SLs.y 5Cs.u
This implies dist u 5 sin as distla never
goesbelow 5 su

Termination At termination PQ is empty so all
vertices are green andhence satisfy the

property dist v SCS v


