


































































1 Insertionforte

Sorting Problem

Input a list ofintegers Ai as An

Output a permutation reordering ai.aza'naiaie a'n

Pseudocode

InsertionSort

1 Forj 2 to A length
2 Key Aij
3 i j l

4 While iso andAti keY
placekey5 Aliti Ali

6 i i I into correct
7 A titi key spot

e.g 3 1 5144 311151214

11351214 113151214

11231514 112131415





































































Correctness

Proof Weprovebyshowingthefollowing loop invariant

At topofthe iteration All A j 1 are sorted

andcontain theoriginalelements in A 1 j 1

Initialization
We start with j 2 AE AEj 1 is just

A D alreadysorted

Maintenance

Weknowthat At 1 j 1 is sorted

at thetopofthe itr we want to argue
Atl j is sorted at theend ofthe itr
andhence also at the tethenext itr

a A it 1 key
b A titz j are originally A it 1 j 1
c A 1 i are untouchedlandalreadysorted

an





































































Termination
At termination j A.lengthtl.se

Atl A length is sorted

Runtime Analysis

InsertionSort

1 Forj 2 to A length
2 Key Aij
3 i j l

4 While iso andAti keyC
5 Aliti Ali for gtjb i i I

7 A titi key

Worst case EC jl c.cn ilt
tiEIif

C.in Dt sc lj ll c.ln 1 ti.ES
C n 1 tc

nu

Then2termdeminatestheotherterms pretty
fast so we prettymuchonly care about it

How do we formalizethis





































































2 Asymptotic

Def Big 0

Olgin f C no70 s.t.tn no

O Efln C gin

Intuition forsufficientlytarge.hn is

g n up to a constant factor

We write fln E O gln or simply as
fln 0 gln

Ex fin qty n't oooo n

g n m show that fln Olgin
Proof let C 9999 and no 9999 10001

f n cgln gain4100 on 9949m

oooo n 99199m

1000am 9949 9999 10001 n

neo





































































itnis odde fin In if n is even.fm
0 n

No We needfln 70 Generally weassumefin gin30

small o Ogln If c o no70 St n no

fin C gin

e.fm 0cm say fix some arbitrary c
we canset no then we have
C m n C t m n D

nF On say C É then regardlessofno
C n n In n m O





































































BigOmega Agin If 7C.no 0 s.t.Vn7no
fin cgin

small omegawlgl.nl If Vc7o.In 70 s.t.Vnsno
fin cgCn

Big Theta gin Ef 7 C G Noso s.t.HN
G glnleflnkcz.GG

Cheatsheet as n o Ex n tn logntwg n'login
0 01

0 n'login

w EX 3 012
s 3 012

3 2n

3 52124
3 w 2n





































































So given fin g n howto check if font Olga s w o

Go throughdefinitions
Consider ftp.T

Let f n g n be nonnegativefunctions forsufficientlylarge n

Infinitum
denoted as a then

D fin wig n to fin O gin
7 0 fin org n to fin Sigint

so fin Ight

Let's provethe one for ogin
Proof ftp.otg Eso no0 sit n no e f e

Eso Inso st.vn no LEN Egan





































































3 Summary

Insertion Sort
Takecard elements oneby one
Inserteach one into therightplace in thesortedpile
Proofof correctness Loop Invariant

Initialization Maintenance Termination

Runtime Analysis

Worst case C n 1 c
nu

OLnY 2121
BestCase O n

AverageCase O N IsIn place Algorithm

operates on the originalarray
does not require additional space apart from
a small constantextra space

Asymptotics
Memorizethedefinitions mightneedthemforformalproofs
Use intuition highestorderterm
Consider fin g n as n o only if limitexists







